Dabi¢ Nena

U3600 kao mojam ce mpBH MyT TojaBJbyje KpajeM XVII Bujeka y Be3uw ca mM3padyyHaBameM
HEepaBHOMjepHUX KpeTama. [IpenmsHuje, momohy m3Boma je Owno moryhe yBectm mojam
TpPEHyTHE Op3UHE MPaBOJIMHUJCKOT KpeTama. Y ONIITe, IOMONhyY M3BOJ1a Ce MOXKE MPECTaBUTH
Op3WHa MpOMjeHE BeMYMHA KOje Ce HepaBHOMjEpHO MHjemajy ( HIp. TeMIepaType Tujena,
eJIEKTPUYHE CTpPYje, Mace THjela IpU paJuoaKTUBHOM pacnaaamy utTn.). Ilojam m3Boma ce
M0jaBUO U yBE3M Ca HAJAKEHEM TAaHTeHTE KpUBE Yy Tayku. Y TOM CMHUCIY, MOjaM H3BHIA
3ay3uMa 3Ha4ajHO MjeCTO Y MaTeMaTHLIU U leHUM NpuMjeHaMa.

ITojam m3BOAa HAcTao je U3 mpolIeMa TaHTeHTE KPUBE JIMHKUjE U pobiieMa Op3uHE KpeTama..
[TpBu mpobnem je paspaauo Jlajonur (1646-1716), a mpobiemy Op3uHE KpeTama MaXby je
nocsetno thyth (1642-1727).

Muoru Matemartudapu cy npuje JlajoHWma moKyliaBajgw Ja pHjenie npodsieM TaHTeHTE.
KapakreprucTudHo je 3a Te MOKyIIaje 1a y ceOu caipike TaKBE aHAIMTUYKE U T€OMETPH]jCKE
MOCTYTIKE KOjH jJaCHO MOKa3yjy Kako Ce U3 HACTOjama Ja Ce PUjelId MpoOieM TaHTeHTE HY>KHO
pahao nojam u3Boza. Taga ce U ncnoJpuila Ujaeja Aa e TaHN€HTa KpUBE CXBAaTH Kao rpaHUYHA
cjednilia Kojoj TEeKM cjeduiia KpuBe, Kajla Ce jeAHa OJ NpecjeyHux Tadaka OeckpajHo
npubnmKaBa 1Mo KpUBOj JIpyroj mpecjednoj Tauku. OCHOBHA Ipenpeka Ha KOjy Cy HauIa3uiu
JlajOHNIIOBY TPETXOMHUIIN, Kajla Cy pjelIaBajly MPOOJIEM TaHTEeHTE, jecTe MPUPOJIa padyHa ca
0eCKpajHO MallUM BEIMIMHAMA.

Benukn 3nauaj 3a mojaBy m3Bojga umao je Jexapt (1596-1650) kana je 3acHOBaO METOIy
KoopauHata, o0jaBibuBameM [ eomempuje 1637. ronuae. Hanme, Ha Taj HaunH je omoryhno
Jla ce KpWBE JIMHHMje O3HAYaBajy jeqHAYMHAMa W TO je OMo OWTaH IpemycioB 3a OTKpuhe
OTIILITE METO/IC PHjeIlICHa MPoOIeMa TaHT eHTe:

Jlajonni, cxBatuBIIM 3HAaYaj W cmucao JlekapToBe
MpOMjEHJbMBE, Kao M 3aH4Yaj MeTOJe KOOpAWHATA, je
YyCOHO J1a pujemu npobieM TaHTeHTe yBohemeM mojMa
n3Boja ojHocHO nudepennujana ( Nova Methodus pro
maximis itemque tangentibus et singulare pro illis
calculi genus, 1684). OnHOCHO CXBaTHO je TAaHTEHTY Kao
TpaHUYHY CjeuuIly, JOK Cy C€ OBa JBa MojMa y MepUOLy
npuje ’\era yBHjeK IOCMAaTpald O/ABOjeHO. Y 000oM
oTkpuhy My je BeomMa ITOMOTao BkeroB (GUiI030(CKU CTaB
U3pakeH ,,3aKOHOM KOHTHHYHUTETa ', MpeMa KOjeM ce
CBaka IpOMjeHa JelaBa IOCTENeHO, 0€3 CKOKOBa
(,,Natura non facit saltus™").




ByTH je momao 1o mojma u3Boaa cTyaupajyhu nmpodiem
Op3uHe KpeTama. Y CcB0joj pactpaBu Memoo ¢hiykcuja u
beckpajuux pedosa, tbyTH je Hanpuje pujenuo npoodiemM
MpoHaJaKeHha Op3MHE KpeTama y JaTOM TPEHYTKY Kaja
je mpeheHun myT mo3HAT Kao (yHKIMja BpEMEHa, a 3aTUM
mpo0yieM MpoHaJakewa MyTa Kaja je Op3WHa mo3HaTa
Kao (QyHKIMja BpemMeHa. BennunHy Koja 3aBHUCH
HEMPEeKUJIHO O] BpeMeHa, tbyTH je Ha3Bao ¢iyenma (
fluere nar. — Tehu ), a Op3uHy K0joM ce Mujema (iyeHTa
y TOKy BpeMeHa ¢haykcujom ( fluxio jat. — cTpyjame.-).
3a tummuan mpumjep ¢uyente [HbyTH je y3eo myT
MOKPETHE TauKe.

CxBatame n3B0Jia Kao (prykcuje ykasyje Ha MPHjeKIIo mojMa u3Bo/1a, OJHOCHO KaKo je Taj
1ojaM MPOUCTEKA0 U3 podieMa KpeTama, U3 MpodJieMa 10 KOjUX ce JJ0J1a31 IIOCMaTpambeM U
npy4yaBameM CBHjETa, ¥ MTO0Ka3yje Cy ¥ 3aKOHW MaTEeMaTHYKOT MUIIUbEHHA ,, 3AKOHU H3BYUYEHH
u3 cTBapHor cBujeta’ (. EHrenc) u Kako ,, ujeaaHo HHje HUIITA JPYTo JO MaTepHjaIHo
npecaleHo y 4OBjeKoBYy IaBy U npeodpaskeHo y 1oj (K. Mapkc).

Tanrenra

Hexa je nara xpuBa C ca jeqHauuHOM y = f(x) ¥ mpom3BoJbHA Tauka M( X, Yo ) Ha 1HO0j
(cnuka'l). /la GucMo HaUTK TaHTEHTY OBE KpUBE y Tauku M MoByIMMO, Kpo3 Tauky M u jour
jemny Tauky M' ( X, y )'Ha KpuBoj, cjeunity MM'. Kana ce Tauka M'nyx kpuBe C nubinxana
tauku M, oHzma he ce cjeunuia MM' npubnuxaBatu npasoj MT, koja ce 30Be manzenma
kpuse C'y Tauki M( Xo, Yo ).

cauxa 1

Tanrenta MT kpuBe C y Tauku M je rpaHndyHn monoxaj cjeuurie MM'kan tauka M' Texu
Tauku M. Ako ce ca § o3Haum yrao koju cjeuniia MM' rpagu ca Ox ocom, a ca o yrao Koju
tanrenta MT 3aknana ca Ox ocom, oHJ1a je mpeMa J1e(UHHULINJU TaHT€HTe,
limp=a
M-M'

AKO OBa rpaHWYHA BPHjEJHOCT IIOCTOjU OHJIA TIOCTOjU M TAHT'€HTA KPHUBE Y Tauku M, aKo mak
rpaHAYHa BpPHUJEAHOCT HE IMOCTOjH OHJAa HEMa HHM TaHTeHTe KpuBe. Tauka M' moxe ce
HaJIa3uTH OWJIO ca JMjeBe, OMio ca JecHe cpaHe Tauke M. Ako ce Tauka M' Hanas3u ca ecHe
cTpaHe Tauke M M aKo MOCTOjU rPaHUYHA BPUjETHOCT



limf=a.
M-M'+

onma je MT . decnha maneenma KpuBe 11y Tauku M.

A ako je Tauka M' ca sinjeBe cTpaHe Tauke M M ako MOCTOjU IPaHUYHA BPUjEIHOCT

limpB=a_
M-M'

Onna je MT_ nujesa maneenma xpuse C'y tauku M (cnuka 2).

cauxa 2

AKo je oy = P_, oHJa ce decHa W Jiijeéa TAaHTEHTA NOKJIAMNajy, Tj. MOCTOjU TAHTEHTA y TauKH
M «kpuse C.

Heka je xkpuBa y = f(x) nedpunucana y 6nmmsuHu tauke M (xo, yo) 1 Heka je M (x, y) BCHA

o0IKIba Tauka, Tajaa je (cuuka 1).
OP = x, PM =y, = f(x,)
OP'=x’ P'M'= y= f(x)
A onasfe je
NM' P'M'-P'N _ f(x)-f(x,)
MN  OP-OP  «x =

Kana tauka M' Texxu Tauku M, Tj. Kaa x TEXM Ka X, , Tajga he cjeunia MM'TeXXUTH TaHT€HTH

1gp =

MT a yrao S texutu yriy o . [Ipema Tome je
tga = limtgf = limM
X=X X=X X=X,

ITon ycnoBoM a oBa rpaHMYHA BPHjETHOCT IMOCTOJH U Y TOM CIIy4ajy OHa IPeCTaBIba
yzaonu koeuyujenm tanrente MT kpuse y = f(x) y Tauku M(Xo, yo) (cnuka 1).

Axo craBumo najex = x, +h ,raje h—>0 kag x — x,, OHJa ce jeAHAYNHA TPAHUYHE

BPHjETHOCTH MOKE HAITUCATH Y OOJIUKY

tga =lim

h—0

S(xy )= f(x,)
h

Ha ocHOBy oBe penaryje pujeniaBaMmo npo0sieM TaHI'€HTe, ITO Ce MOKe IPUKa3zaTH cienehum
MPUM]jepOM



JIPHMIEP

OnpenuTy jeIHAYMHY TaHTeHTe mapadone y = x~ Kpo3 Tauky My ( 2, 4 ) Ha mapaGou.

JeHaYMHA TAaHTCHTE KPUBE KPO3 TAYKy MUMa OOJIHK
¥ —y, =k(x—x,) Ha ocHOBY uera umamo y —4 = k(x —2), raje je k =tga KoepULUUJEHT
MpaBIia KOju ce U3padyHana 1Mo GopMyJI jeTHAUHHE I'PAHUYHE BPH]CIHOCTH:

2 2 2
kmrga = lim CHA) —20 o At 4Act A _4=1imM=1im(4+Ax)=4
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0

na he u3 oBora jeHauYMHA TaHTEHTE OUTH

y—4=4(x-2), wmm y=4x-4.

T~ = Motz,9)

7 A, e

Leqpurmymja n3soma

Heka je y = f(x) y unrepBany (a, b) u neka je'M (x,,y,) jefiHa Tauka y TOME HHTEpBaIy
(cmuka 1). Axo je Ax, = hmpupaiiraj apryMeHTa Xo, y TOM citydajy he npupamiraj ¢pyHKIuje
yo 0utH Ay Tj.

Yo+ Ay, = f(x,+h)
Wnn

Ay = f(xy +h) = f(x;)

Konnunuk npupamraja GyHKIM]j€ U IpUpalITaja HE3aBUCHO MTPOMjeHIbHBE

Ay, _ S (xy +h) = f(x,)
Ax, h

NIPETCTaBJba cpedru npupawmaj pynkuuje y = f(x) y uHTEpBaNy [Xo Xo + h ], a yjenno
MpeTcTaBjba M Harub QyHknuje y = f(x) y MHTEpBAITY [xo,xo + h]— OJIHOCHO Haruo cjevumIe
MM, koja nposnasu kpo3 Tauke M (x,,y,) H

M' [x, + A, f(x, + /)], npema ocu Ox.



VYKOMMKO 0Baj KOJIMYHHUK TEKU HEKO] TPAHUYHO] BPHjETHOCTH ( KOHAYHO] WJIM OECKOHAYHO] )
Kag h Texxu HylIM Ma Ha KOjU HAuWH, OHJA CE€ Ta TPaHWYHA BPHUjEIHOCT Ha3UBa U3600
¢byskumje y = f(X) y Tauku Xo ¥ oOnIbexKaBa ce

Qzlimf(x0+h)_f(x°)

ALioIEoAx h—>0 h = /(%)
lim ﬂz lim S (xo +Axy) = /(o) = f'(x,)

A00 Ax  Av0-0 Ax,

Ilpema mome, uz600 pyukyuje y = f(x) y mauku xy je epaHuuna 6pujeOHOCm KOMUUHUKA
npupawmaja yuKyuje u npupauimaja He3asUucHo NPoOMjeHbUse Y MAYKY Xy Kao Npupaumaj
HE3A6UCHO NPOMJEMABUBE MENCU HYTIU.

AKO ce yMjecTo Tauke Xg y3ME MPOM3BOJbHA Tauka X Yy MHTepBany (a, b), onna he usBox
dbyHKIHje y = f(X) y TOj Ta4KH INIaCUTH:

g%%:hmf(x—i_h;_f(X) zfv(x)
lim 2. = jim L O AVZS Dy

Ax—=0 Ax Ax
WzBon dpynkmnmje y = f(x) oOuibexkaBa ce joun v ca 03HaKama

@y, 15Dy Df )
dx
PujemaBamem mpoOiema Be3aHHUX 3a pobJieM TeHyTHe Op3uHe THjea U Mpo0JieM TaHTeHTe
KpHBe, MOXeMo JaTu cienehe Gpopmyamnmje:
» MeXaHHYKO TyMaudeme W3B0/a - 3B0J (PyHKIHje y TauKu MPEICTaBba TPCHYTHY
Op3uHy ( Yy MOMEHTY) THjena Koje ce Kpehe MpaBmiIHO MPaBOIMHU)CKH 110 3aKOHY
» TreoMeTpPHjCKO TyMayele U3B0/1a — U3BOJ (PYHKIHjE Y TaYKH MIPEICTaBIba
Koe(HIIMjeHT MpaBlia TaHTeHTe rpaduka Te QyHKImje y Taukd Mo Ha rpaduky ca
arcIucoM

Tipumjep 1
Onpenuty uzBoa pynkuuje f(x) =3x—a npema nepUHALHH

£1(x) = S(x+Ax) - f(x) _ Yx+Ax—a-x—a _%/()HrAx—a)2 +{/(x+Ax—a)(x—a)+%/(x—a)2
Ax Ax %/(x+Ax—a)2+{/(x+Ax—a)(x—a)+m

 lim X+Ax—-a—-x+a
A"_’OAX(%/(erAx—a ? +{/(x+Ax—a)(x—a)+%/(x—a)2)
1 1

= lim

M G—a) Y0+ —a)?  R(x-a)’




TTpumjep 2

Onpenutu w3Boa GyHkumje f(x) = x° sin 2x npema nepuHULMjHU

_ 2 2 2 2N o _
()= f(x+Ax)— f(x)  lim (x+Ax)” sin2(x + Ax) — x“ sin 2x  lim (x7 +2xAx + Ax7)sin(2x + 2Ax) — x
Ax Ax—0 Ax Ax—0 Ax
i x” sin(2x + 2Ax) + 2xAxsin(2x + 2Ax) + Ax” sin(2x + 2Ax) — x” sin 2x
it Ax
i x? [sin(2x + 2Ax) — sin 2x |+ 2xAxsin(2x + 2Ax) + Ax? sin(2x + 2Ax)
it Ax
2y 2x+2Ax+2x' . 2x+2Ax —2x
| eeos st > . 2xAxsin(2x+2Ax) .. Ax’sin(2x + 2Ax)
= lim + lim + lim
Av—0 Ax A0 Ax A0 Ax
2 .
_ Jim Y 2C0SCX T AN SINAX | sin(2x + 2A%) + lim Axsin(2x + 2A%)
Ax—0 Ax Ax—0 Ax—0

=AlximonZCOS(2x+Ax)-1+2xsin2x+0

= 2x% cos2x + 2x5sin 2x = 2x(x cos 2x + sin 2x)

H3ze00u enemenmapuux hyukuuja

1° Hexkaje f(x)=C = const.,3a cBaxo x . Taja je 3a HPH3BOJHHO X :
f(x+Ax)=C,mnaje

110 = fim 2 — fim LEESIZTE) g

Ax—0 Ax Ax—0

Jaxne, u3Boj KoHCTaHTe jeaHak je Hyau 1j. (C)'=0

TTpumjep
B . vn e JFA) - f(x) . 5-5
f(x)=5, au3Box oe pyukuuje he outu f'(x) = gir%) Ax = gglo ~ 0
2" Hexkaje y=x Tanaje:
A .
y+Ay=x+Ax, Ay=A~Ax :Ey=1 a U3 OBOra CIUJeIHn:
e Ay
y'=lim-" =1

TTpumjep
y=12x
7(x)= lim f(x+Ax)— f(x) ~ lim 12(x + Ax) —12x  lim 12x —12Ax —12x _ lim 12Ax _ 12

Ax—0 Ax Ax—0 Ax Ax—0 Ax A0 Ax



3" Jlara je dynkumja f(x) = x" npuuemy ne N .

n n n (1 + J - 1

f'(x) = lim St Ax) = f(x) = lim (x+ Av)" - x /s im— Yl = fim ™!

Ax—0 Ax Ax—0 Ax x" Ax—0 Ax Ax—0

xl’l
: . . (I+x)" -1
T[je CMO HCKOPUCTHIIN TPAaHUYHY BPHjEIHOCT lm(}— =n
x> X
3a x =0 gobwuja ce
n_0" Ln=1

f'(O) = lim M = ) .

Ax—>0 Ax lim(Ax)"" =0,n=23,...
Ha ocHOBY mpeTXoJHOT 3aKJbydyjeMo J1a je

f'(x)=nx"", nma (x")'=nx"".
TTpum jepu
1
Fo=x F) = x = o
1 1
f1(x) =7x° f'(x)zlx?l _1oEd
2 2 2/x
2

S =t =

2 2 2 =

"(XY==x3 =Zx3=—"1
/') 3 3 e
4" 3a pynxumjy f(x)=a*, a >0,a # 1 umamo Ia je
_ x+Ax X Ax

f'(x) = lim J(x+ Ax) f(x):hma g lim(a—l)zax-lna Tj.

Ax—0 Ax Ax—0 Ax Ax—0 Ax
(a*)Y=a" -Ina \
MPWIMKOM Yera CMO MPUM]jSHUIIA TPAaHUYHY BPHUjETHOCT En}) e =lna , a#0.

-0 X
TTpumjep
y=10"
— (x+Ax) 10> x Ax
= tim LEFAD S g 10 107 _ fim 19 o~ 1) _ 10 -In10
Ax—0 Ax Ax—0 Ax Ax—0

5" VKoHKO 3aMjeHHMO a ca e Tj. 3a a = e u3Box TakBe pyHkumje f(x)=e*  he Gurh:

_ x+Ax X x Ax _
)= lim LEFAD S e e el e e
A0 Ax A0 Ax Ax—0 Ax

(e'y=e' N

X

=lne=1.

. . : . e
OBpgje cMo npuMjeHH crneaehy rpaHuYHy BpHjeqHOCT hmO
Ax— X



6 Onpenumo u3Boj GyHkmuje y = Inx

Heka jex >0 ¢ukcupano a Ax takBo maje x+Ax >0 . Taga ce npumjeHOM rpaHUYHE
In(1+7)

1in3 . =1 BpujenHoctu n00Hja
t—
In(x + Ax) — 1 ln(Hij 11
. n(x+Ax)—Inx x . X
' 1 — /_ — 1 =
y A)%l;r}) Ax X A,lr—>n() g X X
X
1
Jlaxre, (Inx)=—
X
7° Onpenutu n3BoJie PyHKIH]A:
a) f(x)=sinx 0) f(x)=cosx
a) Kako je
Ay = f(x+Ax)— f(x) :sin(x+Ax)—sinx:2cosx+A2x+x -sinx+A2x_x = 2cos(x+%j-sin%
Te ce oouja
A 2cos(x + Azxj sin7 5 Ax sing
f'(x)= lim = = lim /—=limcos(x+—j-lim 2 _cosx-1=cosx
A0 Ax A0 Ax 2 A0 2 ) a0
/ 2
IJje CMO UCKOPHUCTHIIN TPAaHUYIHY BPHjEIHOCT linol%nt =1 u HempekuHOCT (QYHKIHje
COSX.
Ha ocrHoBy mperxoaHor je (sinx)'= cosx.
0) A u3Box dynkimje f(x) = cosx he Ourm:
Kaxko je
Ay = cos(x + Ax) — cosx = —2sin i~ -sin XrAxox =—2sin x+£ -sing
2 2 2 2
nobuhe ce cnenehe
. . Ax
A —251n(x+2j-sm2 5 Ay sin —
£1(x) = lim = = lim /<= lim—sin[er—j- lim — 2 = —sinx-1=—sinx
A—0 Ax A0 Ax 2 &0 2

A0 Ax
2

_—

. . . sInt
, C TUM Jia CMO OIET UCKOPHUCTHIIN UCTY TPaHUYHY BPHJEIHOCT TJ. llnolT =1 mna u3 oBora
11—

n00ujaMo TaOJIMYHHU H3BOT
(cosx)'=—sinx



OcHoeéne meopeme 0 U300y

VY mperxomHuM TpuMjepuMa je TPUKa3aHo Kako ce TIOMOhy mpumjeHe JeduHHIMje U3BOA
Mory HahW W3BOAM HEKHX eJeMEHTapHHUX (YHKIMja y MPOWU3BOJbHO] YHYTPAIbOj TauKd
BUXOBHX o0NacTu jeduHUcaHoCTH. MehytuM, y HekuM (yHKIMjaMa Koje Cy CIOXKCHH]E
CTpYKType, Taj TOCTyMaK MOXe Ja OyJe KOMIUIMKOBaH, OJHOCHO 3aJlaBa0 OW MHOTE
aHanuTuUike moTemkohe. Jla 6ucMo m3bernu oBaj mpobieM HacTojaheMo J1a KOPHUCTHMO
onpehena npaBmia koja he Ham moMohu Ja Ha MITO jeTHOCTAaBHUjH HAYHMH MpoHalemo nu3Bome
octanux (yHKIHja.

M3BOJ 30Mpa, pa3iIMKe, IPOU3BOIA M KOJIHYHHKA

Teopema

Axo cmaka on ¢ynkmmja u(x) w v(x) WMa CBOj M3BOJ y Tauyku Xx, Taja (QyHKIHja
C- u(C = const.) u 30mp, pa3nrka, IPOU3BO/ K KOJMHMYHHUK (QyHKIMja U (1Y CITydajy KOJIMIHUIKA
Tpeba mpernoctaButu na je v(x) #0 ) Takohe WMMajy W3BOA Yy Tauykh X M NPH TOM Baxe
cienehe dhopmye:

a) [Cu(x)]=Cu'(x)

6) fu@) £ v()]=u'@ V()

B) [u@) v} = () v(x) +u(x) ' (x)

b [H0] v —u)- v
v(x) v (%)

TTpum jepu

[Mpumjerom TabuIa U3B0/Ia M OCHOBHHX TPaBUJIa U3BOJIA OJIPEIUTH U3BOJIE (PYHKITH]a

nedunucanux Gopmynama.
0

1 2°
1 3
@) =2ax = 2x0x2 =27 y=(x*+a’)x’-a’)=x"-a"
3 z—1 ! |_4x3
f'(x)==-2x? =3x2 =3x r=
2

30

-1
y=3\/;—1+i—L+4=x%—2x2 +3x‘2—%x_3+4

\/; x* 5x°

1 2 -1\ 2 1 1 1 6 3
'=—x? =2 —|x? -2-3x7 —(3)=x*=
V=3 sz ( )5

W Ve © s




40 50

x*—x+1 .
=—F y =X—Ssinxcosx
x°+1
. (2x —1)(x* +1)—(x2 —x+1)2x B
(x2+1)2
B 2xF +2x —x? —1-2x% +2x% = 2x B
(x2+1)2
B x* =1
(xz+1)2

1

y'=1—(sinxcosx) =1—(cosx-cosx+sinx(—sinx))=
=1—(cos2 x —sin’ x)zl—cos2 X +sin’ x =

=sin’ x +sin’ x = 2sin’ x

X

6
_ Inx

= l-Inx

1 -1 1

~(-Inx)=Inx-— ~(I-Inx+Inx) 1
p=X X _ X _

(1=Inx) (1-Inx) x(l —In x)2

0
Akoje f(x)= ¢ +i, nszpauyHata f'(—1).

() = e"(e'” —1)—(6" + l)ex _ e (e" e —1) B 2e”*

(e" —1) (ex —1)2 a (ex —1)2
& 2 2
' 26_1 e e e 2e
R D i

Beh cmo cnomumanu Jja W3BOJIM MMajy BEJIHMKH 3HAuaj TpY U3padyHaBamy TAHTEHTE KPUBE ,
OJTHOCHO M3BOJIM HaM oMoryhaBajy J1a u3pauyHaMmo jeTHaunHy TaHTC€HTE KPHBE Y Pa3IHuUTHM
cily4ajeBHMa MTo heMo u rmokasaru Ha cienehum npumjepuma.

TTpumjep 1

OnpenuTH jeAHaYMHYy TaHTe€HTE Ha rpaduky nate QyHKIHje Y AaToj TauKU KOja MPUIIaaa
rpaduky

y=2x"-3x+2 yrauku A(2,y);

-10 -



y=2.2223.242 k=tgp=f(x,) y=» =klx-x)

y=2-4-6+2 y'=4x-3 y—4=5(x-2)
y=8-4 y'(2)=4-2-3=5 y—4=5x-10
y=4 =k=5 y=5x-6

3Ha4M jeJHaYMHA TAHTEHTE KpUBE je Y =5x—6
TTpumjep 2
OJpenuTH jeTHAYNHy TaHTeHTe, mapabone y = x° —4+7 , Koja je HOpMAJIHA HA TIPaBY

onipeheHy KoOpAMHATHUM TIOYETKOM U TjEMEHOM JaTte Tapadorie.
Haunme, npBo hemo nzpauyHaTH TjeMe oBe KpuBe Ha ciiefchn HauuH:

2 2
T(_:@y4ac—b J N T(_::g,44-7—(—4)] N T(i’28—16j
2" 4a 2-1 4.1 2’ 4
7(2,3)

Ha ocHOBY mpeTxonHOT 3aKJby4yjeMo Jia TjeMe mapabosie jecTe y Tauku ca KoopauHatama ( 2,
3 ) 1 TO MpeTcTaBba MUHUMYM OBE KpHBe jep je a > 0.
Koedunujent Tanrare hemo n1ooutH Ha cieachn HaumH:
Vo= N
y=—»n= (x X )

2 1

3-0
0= -0
y=0=2—x=0)

3
2
raje je k xoedurmjeHT HopMalle, a KoeHUIUjeHT THreHTe mapadose k, hemo mobutn u3

3
=—x = k=
y2

cienehe dhopmyiie

1

klz__ = klz— = k1:——
k

3
2
3HaMo 1a je k jeaHak n3Boay QyHKIMjE y IAaTOj TAYKH Ia HA OCHOBY TOT'a KMaMoO

-11 -



5 5
' = — —4.=-47
ky=y'(x))=2x, -4 Yo (3) 3 "

2
2x0—4=—§ y0=£—§+7
a OHJIA YBPIITABAMO Y TMOYETHY (PYHKLH]Y 9 3
6x, —12=-2 25-60+63
‘6 3 28
Yo :?

. 5 28). .
Tauka KOJy CMO I[06I/I.]'II/I (g ,—— | JECTC 3a)CAHUYKA Ta4YKa napa6one W TAHTCHTEC, TC Ha OCHOBY

CBera IMPEeTXOHOT 1001jaMo jeIHaYNHy TaHTeTe

2,0, 28
YT T

2 38
y=—§x+— < 9y=-6x+38 & 6x+9y-38=0

Jlujesu-u1-[gecH mnsson

Kao n KOJ IrpaHUYHUX BpI/IjeﬂHOCTI/I U HCIIPCKUIHOCTHU, TAKO U KOJ N3BOAAa UMaMO HOjaM
J'II/IjeBOF H JCCHOI' U3BOAA.

JlujeBum u3Bo0M QyHKIMje fy Tauku X, HAa3MBa Ce JIMjeBa IPaHMYHA BPUjEIHOCT AaTa

penamgjon  lim Y = lim SO + %) — f(x) _

. . .
X, KOJINKO oHa 1moctoju. I1 CIIU3HH]C, aKO
AY050 Ax  Ax0—0 Ax, J'(xo)y ) P Je,

ceca f (x,) O3HA4M JIMjJEBU U3BOJ Yy TaUKHU X, , Ouhe:

. Ay
f ()= Jim O

Ha ciivnyan HauwH ce aedunMIIE U JeCHU U3BOJ QYHKIH]E Tj.

JecHuM u3Bo0M GyHKIMje f y TaukH X, Ha3UBa CE JECHA FPAaHUYHA BPHjEIHOCT JlaTa pesalijoM

llm &: hm f(x() +Ax0)_f(x0) —
AXO*)OAx Ax0—0 A_xo

O3Ha4YM ACCHHU U3BOA Y TAYKH X, CJ'II/Ije,Z[I/Il

£'(x,), ykonuko ona noctoju. Tako, ako ce ca [, (x,)

. Ay
f(x) = Jim O

-12 -



TTpumjep
Onpenutu JaujeBH U JecHH U3BoJ GyHKIHje f(x) = |x| y Tauku x =0.
Kako je , mpema nemHUIU]U aricolyTHE BPUjEAHOCTH,
x,x=>0
Sx) =|x=
-x,x<0
3a Tauky x = 0 Bpujenuhe cienehe:
Ay [0+Axd=[0] A [1,Ax>0
Ae Ar Ax |-1LAx<O
TaKo J1a je
fO)y==1,a [ (0)=1.
JlujeBu m necHu m3Bom y Taukw O Cy pasIWyuTH, IIa CXOMHO ojaroBapajyheM TeBphemy 3a
JIWjeBY | JICCHY TPaHWYHY BPHjEAHOCT, 3aKbydyjemMo aa f'(0) He mocToju.
Teopema
Tompeban u 0o8owan ycios 0a hynkyuja f uma uzeo0 y mauku x jecme 0a nocmoje aujeu
u 0ecHu u3600 QyHKyuje y ucmoj mauxu u oa cy mehycobno jeoHaxu

H3600 croscene pynkuuje

g ) x+1
W3Bojie ciioskeHUX WM TIOCPEAHUX QYHKIM]a Kao mTo cy Hip. y =In(3x" —-1), y= tg—l ,
x p—
y=+/x’ +1 u c1. u3padyHaBaMo Ha OCHOBY ciiefiehe TeopeMe:

JIleopema
Axko ¢ynkumja u wma uU3BOA y (PUKCHpaHO] Tauykh X, a PyHKIHja y = f(X) UMa U3BOI y
Taukd  u =u(x), Taga U ¢pyukmmja y = f(u(x)) WMa W3BOJ y TAYKH X W NPH TOM BaKH
dopmyma y'= f"(u)-u'(x)
DoKas
Ca Awuo3HauuMO TMpHpaliTaj KOjU OAroBapa npupamrajy Axy Tadyku x , Tj.
Au=u(x+Ax)—u(x), a ca Ay mnpupamraj ¢yHkuujey = f(u(x)) Koju oaronapa
npupamrajy Ax . AKO MOCTOjU OKOJIMHA Tayke X Y K0joj je Au # 0 Tana je:

Ay

Ax

" b ﬂ

v=lim

o S AY) — £ ()
Ax—0 Ax

~ lim S+ Au)— f(u) u(x+Ax)—u(x)
A0 y(x + Ax) —u(x) Ax

 lim S+ Au)— f(u) lim u(x + Ax) —u(x)
Ax—0 Au Ax—0 Ax

= f'(u)-u'(x)
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jep Au — 0 xama Ax — 0 , mITO cIUjenn U3 HEMPEKUAHOCTH QPYHKIMje U Y Ta4Kd X . AKO je
Au=0 mnHa OECKOHAYHO MHOTO MHjeCTa, NPOWM3BOJFHO OJIM3y Ta4ku Xx, Tada je

Ay = fu(x+Ax))— f(u(x))= f(u+Au)— f(u)=0 ©Ha OECKOHAYHO MHOTO MHjecTa
. Ay .
MIPOM3BOJEHO OJHM3Y TAa4KH X, Tj. U OJHOC e O0u Omo jeHAaK HyH Ha OEKOHAYHO MHOTO

. . . A
MHUjecTa, MPOU3BOJHHO ONM3y Tayku x, Ma je y'(x)zAlin}) Eyzo . Haxne dopmymna

y'= f"(u)-u'(x) Baku 1 OBOM CIy4ajy M OHa C€ YeCTO MuMIe y 00IHUKY
ve=1,u,
MebhyTtum, y cirydajy HEKHX BHUIIIE CIIOKEHUUX QyHKIHMja, Kao HIp. ¥ = f(g(u(x))) umahemo
cnuaHy HopMyITy:
Ve=/, 18 U, WL

Tako na he Ha OCHOBY MPETXOHOT TAOIMYHN U3BOAM MOCTATH:

1. (u”)l =nu"" u 8. (e" ) =e"u
2. (u) = 2\1/; u 9. (log,u) = IOg—”e~u'
3. (sinu) =cosu-u 10. (Inu) =l-u'
u
4. (cosu)=—sinu-u' 11. (arcsinu) = ! - u
l-u
, 1 . ! 1 ,
5. (tgu) =—5—u 12. (arccosu) =~ ‘U
cos’u 1-u’
~ 1 , ! 1 .
6. (ctgu) = n’a -u 13. (arctgu) e u
7 (a”)y =a"lna-u 14. (arcctgu) = T

TTpumjep 1

. 1,
Onpenutu npBu U3BoA QyHKLIUjE Y = 5 tg"x+Incosx

1
y'=—-2tgx - (tgx)'+ (cosx)'

2 COS X
_sinx 1 +—sinx_sinx—sinx-coszx_

cosx cos’x  cosx cos’ x
_sinx(l-cos’x) sinx-sin’x sin’x I
- 3 - 3 - ;.8 x
coS” x cos” x cos’ x

-14 -



TTpumjep 2
Jlokaszatu 1a u3Boj cienehe QyHkuuje He 3aBUCH O X
y =2(sin® x + cos® x) = 3(sin* x + cos” x)

y'=2(6sin” x-cosx —6¢cos’ x -sin x) —3(4sin’ x-cosx —4cos’ x-sinx) =
=12sin’ x-cosx —12cos’ x -sinx —12sin” x-cosx + 12 cos’ x -sin x =
=12sin’ x-cosx(sin® x —1) =12 cos’ x -sin x(cos* x —1) =

=—12sin’ x-cosx(1 —sin’ x) + 12 cos’ x - sin x(I — cos” x) =

=—12sin’ x-cosx-cos> x+12cos’ x-sinx-sin’ x =

=—12sin° x-cos’ x +12cos’ x -sin® x =0

TTpumjep 3
Opapenutu npeu u3Boj GyHKIHMjE y = arctge” —In 62::_1
1 - e’
y':1+(e")2 ] e [ eZXHJ -
e B ez"+1. 1 ( e’ J‘_
e T e
el +1
__et el et 41 2eM (e D)=’ - 2e™
1+e* e 24/ e* (e +1)°
e’ 2e* +2e* —2e™ e’ 2e*"
Tliem | 288 +1)  ter e ah
e’ -1
TTpumjep 4

Oppenutu MpBHU U3BOJ CIOXKEHE QyHKIUjE V = ln(sin x ++/1+sin’ x).

- 15 -



y'= ! -(sinx+\/l+sin2x) =

sinx++/1+sin® x
1

1 i
= . cosx+—-(1+sin2x =
sin x + /1 +sin” x [ 241 +sin’ x )J

1 1
= | cos X + ———
sin x + /1 +sin® x ( 241 +sin” x
1
1

-ZSinx-cost:

cos x -4/l +sin? x +sin x - cos x

sinx ++/1+sin* x N1 +sin® x
cos x(\ll +sin? x +sin x)_

sinx +4/1 +sin® x N1+sin® x

COS X

1+sin® x

H3600 uneepsne dpynxkuuje

Hexka 3a Gynknujy y = f(x) mocrtoju mHBep3Ha GyHKumjax = £ ()) y OKOJIHHH pUKCHpPaHEe
Tauke X, . AKO NOCTOju M3BOA (yHKIMje Y = f(X) y TakBOj Ta4KH X, WU IPU TOM je

f'(x,)#0 , Taja mocTOjU M M3BOJ MHBEP3HE GyHKIMje x = f '(y) y Tauku y, = f(x,) u

. . 1

elIHaK je .

P G

Ha ocHoBy oBe Teopeme MokeMO Aa HahjeMo M3Boze (QyHKIHja KOje Cy HMHBEp3HE HEKUM
(dbyHKIIMjamMa, YUjU Cy HaM U3BOJIU TIO3HATH.

DoKa3s

Nmajyhu y Buny na Ax — 0 < Ay — 0 MOXeMo J1a HaITUIIIeMo:

() =(f ) () = lim L Ty A - ST (0)

Ay
i LS XX
- lim = lim =
=¥ Y=Y =5 f(x) = f(xg)
. 1 1
= lim = )
a0 fi(xy +Ax)— f(xy)  f'(x,)
Ax
Tj.
Y0 =
M)
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Ipumjep
Oppenutu uszBoje cneaechenx GyHKuMja
a) y=arcsinx 0) y=arccosx B) y=arctgx T) y=arcctgx

T T
a) Kako je y =arcsinx < 2_y_2,smy *| Guhe:
-1<x<1
1 1 1 1

1

y=——= = = npema ToMe je
(siny) cosy \l-sin’y 1-x’

1
V1-x®
6) Ha cninyan HaumH Kao mozx a) ce 1o0uja n3BoA (QYHKIHjE y = arccosx
na he 6utu

(arcsin x)'=

1

(arccosx)'= —
1= x?

B) y = arctgx

: . b4 V/d .
W3 nepununmje umamo ga je — B <y< 5 u tgy =x ,300r Tora je

, 1 1 2 cos’ y cos’ y 1 1
y:—: = COS y: 0 2 / 2 = > — ) HaKHe
(t2)' 1 sin° y+cos’y cos’y l+tg’y l+x
cos’ y
arctgx)'=
(areig) 1+ x?

r) CIMYHUM MMOCTYNKOM Kao 1o B) noduhemo u3Box GyHKIUje y = arcctgx

(arcctgx)'= — "

Tadauma HeKHX U3B0AAa

0 = C(const.) y'=0
2 y=x y'=1
30 y:xn y':nx’Fl
1
PR yet
24x
1 1
50 y=— y':——Z
X X
6" y=a" y'=a"lna
70 yzex yuzex
1
8"  y=log, x '=
xlna
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9  y=Inx 1
X
10 y=sinx y'=cosx
11° y=cosx y'=—sinx
1
12° y=1gx V'=—7
cos” x
130 y =ctgx y'z_ . 12
sin” x
14" y =arcsinx y'= ! -
1-x
0 1
15" y=arccosx y'=— -
1-x
1
16 y = arctgx = >
I+ x
0 1
17" y = arcctgx y'=- >
1+x

Ose epujedonocmu u3ze00a Koje cmo 0oounu Kopucmuhemo Kao madauune uzeooe npu
U3PAYYHABAIY COMCEHUjuX (PynKyuja.

[Ipumjepu cioxkene HHBEp3HE PYHKIIH]E:

Tipumjep 1

2 2
X —a

2 2
X" +a

OnpenuTy IpBU U3BOJ ClIOKeHE (PYHKIHJE Y = arcsin

= 1 (xz—azj _ 1 2x(x2+a2)—(x2—a2)2x_
N 2 2 2 | B > 2 Y N

¥ 4?2 x"+a (x2+a2) _(xz_az) (x +a )

1- 2 2 N 5 \2
X +a x“+a
B x*+a’ 2x° + 2xa’ —2x° +2xa’
= . . _
\/x4+2)c2612+a4—x4+2xzaz—a4 (x2+a2)
4xa’ 4xa’ 2a

4x2a2-(x2+a2) 2xa-(x2+a2) x*+a’

TTpumjep 2
(x—1)° 1 2x +1

—Aar
Prxtl ST

Hahwu npBu u3Box pyHkimje y = éln
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1 .((x—l)zJ'_L‘ 1 ‘[2x+1)
YT -1 P rxel \/51{2“1}2 NG)

x'+x+1 \/g
1 P 4x4l Qx-2)(t 4 x+D)—(x —2x+D)Q2x+1) 1 1 23
6 (x-1)? (x? +x+1)° 3 3+4xi+4x+1l 3
3
1 2x7 +2x% +2x—2x7 =2x—2-2x" —x* +4x* +2x-2x—1 2 B
6 (x=1*(x* +x+1) _4(x2+x+1)_
B 3x? -3 1 -~ x*—1-x"+2x-1 ~
T6(x—1) (2 4xtl) 27 Fx+l) 20=DX(Z4x+1)
2(x—1) 1

T2 -2 4x4l) w1

JIpyeu uzeoo. Hzeoou euuwiez peoa.

Hexa pynkumja f mma m3Box f'(x) 3a cBako x € (a,b) . U3Box f"'je cama ¢pyHkumja o1 x, ma
MOXEMO Tpaxutu u3Boj GyHkmmje f'. M3Bom on u3Boga (QyHKIMjE Ha3uBa ce Opyeum
u3ze00om pyuknuje u o3nayara ce ca f''. [Ipema Tome, no nepununmju he OuTH:
f=lr'w]

TTpumjep
Onpenutu npyru u3BoA GyHKIHMja:
a) y=+1+x’

, 1 1 x

- 14x2) = Dy =
g 2\/1+X2<+x> 2(\/1+x2) i V1+x?

2 ? 1+x* —x7
LAl+x —x 22 VI+x? — al r
Y= 1+ x> _ J1+x2 _ VI +x2 B 1
- - ) - >
(\/1+x2)2 (\/1+x2) (\/1+x2) (\/1+ny
06) y=Insinx
o] cosx
Y'=——(sinx)'= ——-cosx = —
sin x sinx sinx
”_—sinx-sinx—cosx-cosx_—sinzx—coszx_—(sin2x+cos2x)__ 1
sin” x sin” x sin” x sin’ x
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[To amamormjum ca OpyruM H3BOJOM MOXKE ce NepuHHUCATH W u3BOJ Tpeher, 4eTBpTOT,
MEeTOT,..., 7 -TOT pena. TadHuje, n-TUM HW3BOJOM (YHKIHUje f Ha3MBaMO W3BOJA HW3BOJA

(n—1)-or pena ¢yukumje f. W3Box n-Tor pema obmmexasa ce ca y mm £ (x).

Jakne, npema aebuammin comjenn gaje vy = (") wm £ (x) = (f" + (x))'.

TTpumjep 1
Onpenutu Tpehu u3Boxa pyHkumja:
a)y=x’Inx 6) y=cos’x
y'=2x-Inx+x’ LI S Y'=2cosx - (—sinx) = —sin 2x
X
y'=2-Inx+ 2x~l+1 =2Inx+2+1 y'=—-cos2x-(2x)'=—-2cos2x
X
1 2 - . \ .
y"=2-—=— Y= -2(-sin2x)(2x)'=4sin 2x
X X
TTpumjep 2
Onpenutu 7 -TH N3B0oA (QyHKIHMja:
a) y=sinx b) y=e™
y'=cos x = sin[x + %J Y'=e " (2x)=-2e""
y'=—sinx = sin(x + 2%) P'=2e7(-2x)'=4e " =(-2)’e "
y''=—cosx = sin(x + 3%} Y= de T (2x)'=—8e 7 =(=2)’e ™
y" =sinx= sin(x + 4%) Y= —8e (2x) =16 =(-2)'e ™
y" = Sin(x +n %) y" =(-2)"e™

HUmnauuumne pynkuuje
Heka je dynknuja y(x) neduHuCaHa UMIDIMIIATHO jeTHAYHHOM

F(x,y)=0,

[ITo 3Hauu na je
Fx, y(x))=0
3a cBako xe(a,b), raje je (a,b) uHTEpBal y KoMme je pyHkmuja y(x) peduHHMcaHA U
mudepennmjadunna. [lpumjemyjyhn mpaBuiio nudepeHunupama cioxeHe (QyHkuje Ha
penaunjy F (x, y(x))z 0 , cmaTtpajyhu na HermocpeaHo 3aBUCH O X M MOCPEIHO IPEKo ),
nudepeHnupameM 1Mo X 100MjaMo pemamujy
[Fx, y(x))], = (x,y.)=0
JluneapHny y ogHOCy Ha ', M3 Koje ce 100Hja
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TTpumjep

V'=0(x,y).

OnpeauTH N3BOJIC MMILTUIIUTHUX (PYHKIMja Ne(UHUCAHHX jeTHAYMHAMA.:

a) x> +y’ =r’ (KpyXHHIIA)
UCTHU:

U3zBon je:

2x+2y'=0

6) b’x’+a’y’ =a’b’

2b°x+2a’yy'=0/:2

y'__bzx
a2y
. b*x
y = - b
at+=a*—x*
a
yee bx
ava® —x*

f—

y=+r’—x* awusson oBe pyrkmuje he 6Gurn
Y= (20
N
X
v r’—x’
a’b’ =b’x’
y= 2
a

Jata je dyHkuuja x —> y = %(x +1-x7 %ami”.

Pujemnu jegaaunny 2y — y'x = xe

arcsin x

Imo x.

221 -



yv:% (x+ ll_x2) .earcsinx + (X+ /1_x2 )'(earcsinx)'J

1 I 1 arcsin x 2 arcsin x 1
y'=— (1+—-(—2x)j-e +(x+\/:)-e .

210 241-47 1-x°
y,:l_ul_XZ _x‘earcsinx_i_earcsinx‘x—'_Vl_x2

2 L 1—x? N
yv:l_earcsmx Vl X+ Vl x

2 I ,/ [1— 2

y:l earcsmr'\/ - X —x+x+1/1_x2
2 V1-x?

1 l arcsin x 2 V 1 x
g 2 1—x?
yl: earcsmx

a 3aTuM hemo OBy BpHjeAHOCT M3BOIa (PYHKIM]Ee YBPCTHTH Y AATy JeAHAYHHY

2y _ yvx — xearcsmx
2_)/ — xearcsinx + xearcsinx
2y — 2xearcsinx

a omasne he x Ouru:

. 1 i
x=—2 ,aymjecto y hemo mucaru y = E(X +1-x° )ea'“'” na he Outu

arcsin x

;(x_i_ﬁ%arcsinx

arcsin x

_ (x_i_mkarcsinx

2 e arcsin x

/_ 2
=%/-2 & x=x+4l=x? o x=4l-x*/ o x*=1-x' o

t

0
I |

JlaTa je dynxmmja x = f(x)=x" +ax’ +bx—1 (a,b peannu 6pojesn).
a) OnpenuTu peanne 6pojeBe au b ako je

f)==12 u f(-)=4.

6) 3a noOujeHe BpHjeqHOCTH a U b oApenuTH 11n31 S 3)
X—> X —

B) Pujemmtu cucreMm HejeqHaunHa

0<f'(x)<f"(x)
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a)

f(h=-12 f(D=4
P+a-1P+b-1-1=-12 (=)’ +a(=1)* +b(-1)-1=4
l+a+b-1=-12 —l+a-b-1=4
a+b=-12 a-b=6

OBe JIB€ jeHaunHe noOuhemMo BpujeHoct au b Tj.

+b=-12 _ 2a =—-6 _
4 bt cabpahemo oBe nBHjc u Ouhe: “ . a 3aTUM MOXEMO J1a 1o0ujeMo U b :
a—-b= a=-

b=-12+3
b=-9

Ha OCHOBY

6) f'(x)=3x"+2ax+b, a3a nobujene BpujenHocty au b f'(x)=3x> —6x-9
Kag X TEXKH 3 =

2 _ 2 _ _ _ _
lim 3x*—6x-9 _ lim 3x"-9x+3x-9 lim 3x(x—3)+3(x-3) _lim (x—3)(3x+3)
x—3 x—3 x—=3 x—3 x—3 x—3 x—3 x—3

lim(3x+3)=3-3+3=12

B) f'"(x) =6x+2a
0<3x*+2ax+b<6x+2a

0<3x’ —6x-9<6x—6
ITpBu cucrem he Outn:

3x2—6x-9>0
3x7=6x—-9=0
6i1/(—6)2+4-3-9
Xip =
3.2

6+4/36+108
6
_6+4/144

X2 6
_6+£12

X2 = 6

x,=-1 x,=3

A pujememse oBe HejeHaunHe je x € (—o0,~1) U (3,+m)
A NIpyTH CUCTEM :
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